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                                       The Riemann Integral 

 

Let 𝑓 be a bounded real valued function on [𝑎, 𝑏] (𝑎, 𝑏 finite).  Let 

 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛}  be a partition of [𝑎, 𝑏]: 

                       𝑎 = 𝑥0 < 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛 = 𝑏. 

We define the lower and upper Darboux sums for 𝑓 and 𝑃 by: 

          𝐿(𝑓, 𝑃) = ∑ 𝑚𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1  

          𝑈(𝑓, 𝑃) = ∑ 𝑀𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1  

where       𝑚𝑖 = inf  {𝑓(𝑥)| 𝑥𝑖−1 < 𝑥 < 𝑥𝑖}  

                 𝑀𝑖 = sup {𝑓(𝑥)| 𝑥𝑖−1 < 𝑥 < 𝑥𝑖}. 

 

          Lower Darboux Sum                                            Upper Darboux Sum 
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We define the lower and upper Riemann sums of 𝒇 over [𝑎, 𝑏] as: 

            ∫ 𝑓 = sup{𝐿(𝑓, 𝑃)|  𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
𝑏

_𝑎
 

            ∫ 𝑓 = inf{𝑈(𝑓, 𝑃)| 𝑃 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑎, 𝑏]}
�̅�

𝑎
.  

 

Since 𝑓 is bounded and [𝑎, 𝑏] has finite length, 𝐿(𝑓, 𝑃) ≤ 𝑈(𝑓, 𝑃) and  

∫ 𝑓 ≤
𝑏

_𝑎
∫ 𝑓

�̅�

𝑎
 .   

 

If ∫ 𝑓 =
𝑏

_𝑎 ∫ 𝑓
�̅�

𝑎
 we say that 𝑓 is Riemann integrable over [𝒂, 𝒃]. 

 

 

Proposition:  If 𝑃′ is a refinement of 𝑃 (i.e. 𝑃′ contains all of the points of 𝑃 plus 

others) then 𝐿(𝑓, 𝑃′) ≥ 𝐿(𝑓, 𝑃) and 𝑈(𝑓, 𝑃′) ≤ 𝑈(𝑓, 𝑃). 

 

Proof.  Choose any subinterval 𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖  and add a point 𝑡. 

 

 

 

 

 

 

 

Let 𝑚𝑖
′ = inf

𝑥𝑖−1≤𝑥≤𝑡
𝑓(𝑥)      and   𝑚𝑖

′′ = inf
𝑡≤𝑥≤𝑥𝑖

𝑓(𝑥).                                                                                                                        

Then 𝑚𝑖′ ≥ 𝑚𝑖   and  𝑚𝑖′′ ≥ 𝑚𝑖. 

   𝑎                          𝑥𝑖−1               𝑡      𝑥𝑖                                                 𝑏 



3 
 

 

Now just using the interval  𝑥𝑖−1 ≤ 𝑥 ≤ 𝑥𝑖 we have: 

                     𝐿(𝑓, 𝑃′) = 𝑚𝑖
′(𝑡 − 𝑥𝑖−1)+𝑚𝑖′′(𝑥𝑖 − 𝑡) 

                                     ≥ 𝑚𝑖(𝑡 − 𝑥𝑖−1)+𝑚𝑖(𝑥𝑖 − 𝑡) 

                                     = 𝑚𝑖(𝑥𝑖 − 𝑥𝑖−1) = 𝐿(𝑓, 𝑃).  

 

A similar argument shows 𝑈(𝑓, 𝑃′) ≤ 𝑈(𝑓, 𝑃). 

 

 

Def.  A real valued function 𝜓 defined on [𝑎, 𝑏] is called a step function provided 

there is a partition 𝑃 = {𝑥0, 𝑥1, … , 𝑥𝑛} of [𝑎, 𝑏] and numbers  

𝑐1, 𝑐2, … , 𝑐𝑛 such that for 1 ≤ 𝑖 ≤ 𝑛;    𝜓(𝑥) = 𝑐𝑖     if  𝑥𝑖−1 < 𝑥 < 𝑥𝑖. 

 

Notice that for a step function 𝜓 and any partition 𝑄,   

                 𝐿(𝜓, 𝑄) = ∑ 𝑐𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1 = 𝑈(𝜓, 𝑄). 

Thus we get  ∫ 𝜓 = ∑ 𝑐𝑖(𝑥𝑖 − 𝑥𝑖−1)𝑛
𝑖=1

𝑏

𝑎
. 

 

 

 

 

 

 

 

 
   𝑥𝑖−1          𝑡                𝑥𝑖              𝑡′              𝑥𝑖+1  
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We can now reformulate the definition of the upper and lower Riemann sum as: 

           ∫ 𝑓 = sup {∫ 𝜑
𝑏

_𝑎
|  𝜑 𝑎 𝑠𝑡𝑒𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝜑 ≤ 𝑓 𝑜𝑛 [𝑎, 𝑏]}

𝑏

_𝑎
 

           ∫ 𝑓
�̅�

𝑎
= inf {∫ 𝜑

�̅�

𝑎
| 𝜑 𝑎 𝑠𝑡𝑒𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝜑 ≥ 𝑓 𝑜𝑛 [𝑎, 𝑏]}. 

 

 

Ex.  Let 𝑓(𝑥) = 1   if 𝑥 ∈ ℚ ∩ [0,1] 

                       = 0   if 𝑥 ∉ ℚ ∩ [0,1]. 

       Let 𝑃 be any partition of [0,1], then 

                   𝐿(𝑓, 𝑃) = 0     and      𝑈(𝑓, 𝑃) = 1. 

Thus  ∫ 𝑓 = 0
1

_0
   and    ∫ 𝑓

1̅

0
= 1.   

Hence 𝑓 is not Riemann integrable on [0,1]. 

 

So far we know of two ways in which a sequence of function {𝑓𝑛} can converge to 

a function 𝑓, pointwise and uniformly.  We are going to be interested in other 

notions of convergence.  These will be related to integration.  

 

Ex.  If {𝑓𝑛} → 𝑓 pointwise on [𝑎, 𝑏] and 𝑓𝑛 and 𝑓 are Riemann integrable over 

[𝑎, 𝑏], is it true that lim
𝑛→∞

∫ 𝑓𝑛 = ∫ 𝑓
𝑏

𝑎
?

𝑏

𝑎
  

 

No! Here’s an example. 

Let  𝑓𝑛(𝑥) = 0     if   
1

𝑛
< 𝑥 ≤ 1  or  𝑥 = 0 

                   = 𝑛    if   0 < 𝑥 ≤
1

𝑛
 .   

1/𝑛 

𝑛 
𝑦 = 𝑓𝑛(𝑥) 
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Notice that lim
𝑛→∞

𝑓𝑛 = 𝑓   where 𝑓(𝑥) = 0 for all 0 ≤ 𝑥 ≤ 1. 

That is, {𝑓𝑛} → 𝑓 pointwise on 𝑥 ∈ [0,1]. 

However,   ∫ 𝑓𝑛 = 1
1

0
     for all 𝑛 so 

lim
𝑛→∞

∫ 𝑓𝑛 = 1
1

0
,   but ∫ 𝑓 = 0

1

0
. 

So lim
𝑛→∞

∫ 𝑓𝑛 ≠
1

0
∫ 𝑓

1

0
. 


