Changing Bases

Suppose V is a finite dimensional vector space with two different ordered bases
B; = {wy, ..., wp} and B, = {vy, ..., v, }. Let’s call B; the old basis and B, the new
basis. Given a vector v € V which is expressed as

vV =Dbyv + -+ byv,

in the new basis, how do we express v in the old basisv = a;w; + - + a,w,?
That is, if we know by, ..., b,, how do we find a4, ..., a,;?

Clearly, if we can express each new basis vector v;, 1 < i < n, in terms of
Wi, ..., Wy, i€

Vi = CjyWq + -+ CinWhp

we can express v in terms of wy, ..., w,,.

Notice that we can think of changing bases from B, to B; as a linear
transformation, I: V — V, where I is just the identity map, I(v) = v, but we are
using the basis B, = {v;, ..., 1, } for the domain space and B; = {wy, ..., w,} as

the basis for the range of I. It’s also worth noting that when we represent I in
1 - 0

matrix form, [1]5; , it does not look like [ ] (it only looks this way if
0 - 1

Bl == Bz)

Ex. Letw; =< 1,2 >, w, =< 3,5 > be the old basis for R and v; =< 1,—1 >,

v, =< 1,—2 > be the new basis for R%. Express v; and v, in terms of w; and w,.

V1 =< 1, -1 >= C11W1 + C12W5
= (11 < 1,2 > +C12 < 3,5 >

< 1, -1 >=< C11 + C12, 2C11 + 5C12 >,



So we must solve a linear system of equations:
1 == C11 + 3C12

_1 - 2C11 + 5C12

= ¢41=-8, ¢, =3. Sowe have:

v, =<1,-1>=-8<12>+3<3,5>=—8w, + 3w,.

(%) =< 1, -2 >= Cr1Wq + Coo W5
= Cy1 < 1,2 > +C22 < 3,5 >
< 1,_2 >=< Cyrq + 3C22, 2C21 + SCZZ >,

So we must solve a linear sytem of equations:
1 - C21 + 3C22

_2 = 2C21 + 5C22

= ¢y =—11, ¢y, = 4. Sowe have:

v, =<1,-2>=-11< 12> +4 < 3,5 >= —11w; + 4w,.

Notice that with respect to the (new) basis B, = {v;, v,}
v, =< 1,0 >p,=1v; + 0v,

(%) =< 0,1 >BZ= Ovl + 1U2.
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of v; in the old basis w;, w,, then we have:

Thusifwelet P = [ ], where the it column of P is just the coordinates

Po=[7y LIl
Po =73 L0

Thus P maps the coordinates of v; and v, in the basis B, = {v;,v,} into
coordinates of v;, v, in the basis B; = {w;.w,}.

Claim: P maps the coordinates of any vector v € V in the basis B, = {v;,v,}
into coordinates of v in the basis B; = {w;.w,}.

Notice thatif v € V and v = byv; + b,v,, by, b, € R, then since we know that

v, = —8wy + 3w,
v, = —11w; + 4w,
We have:
v =byv; + by,
= b;(—8w; + 3w,) + by (—11w; + 4w,)
= (—8b; — 11by)w; + (3b; + 4b,)w,
= a Wy + aws.
That is:

po= 75 Tllal = e ] = i)



So P maps the coordinates of any v € V in the basis B, = {v;,v,} into
coordinates of v in the basis B; = {wy.w,}.

For example, if we have the vector v = 4v; — 2v, and we want to express this
vector in terms of the basis B; = {w;, w,} we get:

=8 L[]

Thus v = —10w; + 4w,.

We can check that this is correct by expressing v = 4v; — 2v, = —10w; + 4w,
in the standard basis for R?.

v=4dv, —2v,=—4<1,-1>-2<1,-2>=<2,0>
v=—10w; + 4w, = =10 < 1,2 > +4 < 3,5 >=< 2,0 >.

So all we need to do is find each new basis vector v; in terms of the old basis
vectors wy, ..., W,, and create the change of basis matrix P by letting the i‘"
column of P be coordinates of v; in the old basis. So if

171 == a11W1 + a12W2 + -4 aann
172 - a21W1 + a22W2 + -+ aZan

Then the change of basis matrix P is given by:

_all a21 see see anl_
a12 a22 cee cee anz

P =lai3 azz azz - 0Apz|

LA1n QAn A3n  *° Appd



This is just the transpose of the coefficient matrix 4,

_all a12 ) ) aln_
a21 azz eee eee azn
A=laz; az; dasz - Qs
LAp1 Qpz Apz 0 Appd

41 (%1
whereA| i | =1 :
Wn Un

In our example, P is a linear transformation of R? onto R? that maps the
coordinates of vectors in the new basis B, = {v;, v,} into their coordinates in the
old basis B; = {wy,w,}. Soif v = b;v; + b,v, = a;w; + a,w, then

Plor] = L]

Since {v;, v,} and {w;, w, } are bases for R?, P is invertible. Thus we also have

) =7 [e)

b2 aZ '

That is, if we know the coordinates of a vector v € R? in the old basis, we can
then find them in the new basis if we can find P~ (this is also true in R™).

For a 2 X 2 matrix A where det(4) # 0, it’s easy to check that if

a1 Qg2
A= |
Az1 Az
then
41— 1 az2 _a12]
det(4) L—a3q Al



Ex. Using the bases B; = {w;,w,} ={< 1,2 >, < 3,5 >} and
B, ={v,v,} ={<1,—-1>,<1,—2 >} write the vector v = 5w; — 2w,
in terms of v; and v,. That s, find b; and b, such that v = b, v, + b, v,.

In this example we are taking a vector in the old basis and writing it in terms
of the new basis (earlier we went from the new basis to the old basis).

We know that the change of basis matrix from the new basis to the old basis:

-8 -11
P=| : 4].

To find the change of basis matrix from the old basis to the new basis we
need P71:

1 1 4 117 [ 4 11] : _

P~ = Jot(P) [_3 gl =3 _gb since det(P) = 1.
_1a1_b1l 4 11 51 _[—2
P [az] ~ |b, = [—3 —8 [_2] B [ 1]'
Sov = —2v; + v,.

Again we can check this by writing everything in the standard basis for R?:
v=5W1_2W2=5<1,2>_2<3,5>
=< -1,0>

v=—"20,+1v,=-2<1,-1>+<1,-2>
=< —-1,0 >.



Now that we know how to write a vector in a different basis, how do we express a
linear transformation in a new basis? That is, Let T be a linear transformation
from VV to V, where V is a finite dimensional vector space with an ordered basis
B, = {wy, ..., w,}. We know how to express T as an n X n matrix. How do we
express T in a new basis B, = {vy, ..., v,}?

Theorem: Let T:V — V be a linear transformation on a finite dimensional vector
space V. Let B; and B, be ordered bases for I/. Suppose P is the change of basis
matrix that changes B, coordinates into B; coordinates, then

[T]g, = P [T]p,P.

Proof:  P[T]p, = [I15:[T],?

Thus we have: [Tlg, = P_l[T]BlP.



Ex. Let [} LZL] represent a linear transformation Tof R? to R? in the basis

wy =<1,2>, w, =<3,5>. Find a matrix representation of T in the basis
V1 =<< 1,_1 >, (%) =<< 1,—2 >,

We saw earlier that the change of basis matrix from from the new basis
B, = {v;, v,} to the old basis B; = {w;,w,} was the matrix P

-8 —11
P_[ 3 4]
and its inverse P~1

|

Thus in the basis v4, v, T has the matrix representation:
Fmar =14 3 40 7
-5 Sl

-5 74

We saw in an earlier example that with these two bases

V= 5W1 - 2W2 == —21]1 + vz.

Let’s check that:

[
wo [4 =[] =e

represent the same vector by writing them both in the standard basis for R?.



3w, 4w, =-3<12>+<35>=<0,—-1>
—v Vv, = —<1,—-1>4<1,-2>=<0,-1>.

It’s worh noting that we could have solved the previous problem without our
change of basis formula, but it would have been messier. Let’s see how.

We already solved for v; and v, in terms of w; and w, on pages 1 and 2:
vl - _8W1 + 3W2

vz - _11W1 + 4W2.

Since T is represented in the wy, w, basis by H LZL] we can say:
1 41718
T(vy) = T( —8w, + 3w,) = [1 2] [ 3] = 4w, — 2w,
1 471—-11
T(vy) =T(—11w, + 4w,) = [1 5 [ 4] = 5w, — 3w,.

Now if we can represent T(v,), T (v,) in terms of v, v, instead of wy, w, we’ll be
just about done. So we need to solve for wy, w, in terms of v4, v,.

We can do this by solvingw; =< 1,2>=a<1,—-1>+b < 1,—2 >, etc. or by
: . . .o -8 —-111. .4 [ 4 11
inverting the change of basis matrix P = [ 3 4 ], ie P7F = [_3 —8]'
Either way we get:

W1 == 4171 - 3172

W2 - 11v1 - 8172.
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Now we can plug into our formulas for T (v;), T (v,).
T(vl) = 4‘W1 - 2W2 = 4(4771 - 3172) - 2(11171 - 8U2) == _6171 + 41]2
T(vz) - 5W1 - 3W2 - 5(4171 - 3172) - 3(11171 - 8172) - —13121 + 97]2.

Thus in the v, v, basis we can represent T by [_Z _1;3];

as we found earlier.

Ex. LetT: Rz - RZ by T(< X1, Xy >) =< —X1 + X7, le + ZXZ >.
a. Find the matrix representation of T with respect to the standard basis, B, for RZ.

b. Letv; =<1,—1 >and v, =< 1,2 >. Find the matrix representation, E, of T
with respect to the basis B; = {v;,v,} (for both R?'s).

c. Letw; =< 2,1 >andw, =< 1,1 >. Find the matrix representation, F, of T with
respect to the basis B, = {w;,w,} (for both R?'s).

d. Show using the matrices from parts b and c that you can find matrix F from
matrix E and the change of basis matrix from {w;,w,} to {vy, v,}.

a. T(<10>)=<-12>
T(<0,1>)=<1,2>.

So: A=[T]B=[2 Nt



b.
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The change of basis matrix, P;, from B; = {v;,v,} to B = {e,e,} is:
(%] =<< 1,_1 >= e — €

(%) =< 1,2 > = é1 +2€2

r=ly o) = emslh =i T

Using the change of basis formula we get a matrix representation of T in By :
-1 112 -131-1 1311 1
E=h AP1_3[1 1”2 2”_1 2]

o N P R

The change of basis matrix, P,, from B, = {w;,w,} to B = {eq, e, } is:
W4 =< 2,1 >= 231 + 61

W2=<1,1>=€1+€2

R e oL I il I

Using the change of basis formula we get a matrix representation of T in B,:
] 1 -1nrr-1 1112 1
F=Fr APZ_[—l 2”2 2”1 1]

=[5 2 4=l %)



12

d. Notice that P, is the change of basis matrix from B, = {w;,w,} to B = {e;, e, }.
Since P, is the change of basis matrix from B; = {v;,v,} to B = {e;,e,}, P; !
is the change of basis matrix from B = {e;,e,} to B; = {v;,v,}. Hence
P = P 1P, isthe change of basis matrix from B, = {w;,w,} to B; = {v,v,}.

Thus we have:

L R | T S O B e R

Hence we get:

SC U
-2 I
i[_z _1][_5 _44]

=31 - _12] [13 ]:

Theorem: Let T:V — V be a linear transformation on a finite dimensional vector

space V. Let A = [T]z in any ordered basis B. Then det(4) does not depend on
the basis B.

Proof: For any change of basis we have
C = P 1AP sowe have:
det(C) = det(P~1AP)
= det(P‘l) det(A) det(P)

=2 t(P) det(4) det(P)

= det(4).



