Differentiation

Def. Let f be a real valued function on [a, b] S R. We define the derivative of f at

X as: f’(x)=£imWfora<t<b, t+x
X -

if the limit exists.

¥ =f(x)
Slope= f(ti ﬁ(x)
; tr@)/ —
X —
. X T

Notice that we could also say, leth = t — X, so that x + h = t and define

f'():

o — 1in L= ()
f'(x) = lim - :



Theorem: Let f be defined on [a,b]. If f is differentiable at x€[a, b] (i.e. f'(x)
exists at xe[a, b]) then f is continuous at x.

Proof: To be continuous at x we must show that ltim f(t) = f(x) or equivalently:
—>X

lim(F(6) - £()) = 0.
Notice that f(t) — f(x) = [(f(t) f(x))] (t —x); sowe have:
lim(£(6) - £)) = lim{[ L9 (¢ - )

[(f (tz:]; (x))] lim(t — x)

t-x

= lim
t-x

= (f'(x))(0) = 0.
So differentiability implies continuity, but the converse is not true.

Continuity does not imply differentiability.

Ex. f(x) = |x]| iscontinuous at x = 0. Show f is not differentiable at x = 0.

- fO-f© t_ | o
t—>0+ t—0 tl_glJr t 1 since f(t) = [t| =t fort >0
m LO=/(© —t _ _ _ e
t—>0— t—0 tl_gl- t 1 since f(t) = |t| = —t fort < 0.
Thus ltir% f—(ti:j(;(O) does not exist, so f'(0) does not exist.

It’s easy enough to prove that f(x) = |x| is continuous at x = 0 so we will skip it
here.



In fact it’s possible to have a function on R which is continuous everywhere and
differentiable nowhere.

Theorem: f, g:[a,b] - R are differentiable at xe[a, b], then f + g, fg, and 5
(where g(x) # 0) are differentiable at xe[a, b] and:

a. (fxg9)(x)=f"(x)xg (x)

b. (fg)' =f)g'(x) +g0)f'(x)

] (L)' _ IO )-f0g' @
" \yg (9(x))?

Proof:

3 (f + g),(X) — Pm (f£9))—-(f+g)(x) —lim f®O—f(x) + limg(t)_g(x)
—Xx

t—x t-x t—x t-x t—x

=f'(0) g ().

b. Leth = fg; notice that we can write:

h(t) —h(x) = f®O[g®) — g+ gQ)[f () — f(x)]; sowehave
h(t)—h(x) _ F®Og®)—g)]+g)[f(E)—f ()]

t—x t—x '




Now take limits on both sides:

i PO=h®) _ . fOGO=g@OI+g@[f O~ f()]
tox t—x t-x t—x

i [g®)—g)] | 1. [f O—f (0]
=lim f(t) £O=I0 4 1im gx) LELE

t-x

= fx)g' () + g f' (x).

C. Leth=£.

9

RO — hy = L8O _ &) _ FO960-T 09

g gx) g®g(x)
J— 1 _ _ _ .
= 9 [ (f®) = fF) = fFI(g(®) — g()];
h(t)-h(x) 1 f@®)—f(x) g(t)—g(x)
= t—x o gt)g(x) [g(x)( t—x ) - f(x) ( t—x )]

Now takes limits as t goes to x on both sides:

B () = lim 292
t—x t—x

= lim

[9Co) (KO _ f () (402,

t—x t—x

1

—= g () = Fx)g' )]

_ 9O ()-f®)g’ )
(g(x))? '




Ex. If f(x) = ¢, aconstant, then f'(x) = 0.

f'(x) =lim JOTE _ =€ = o,

tox t—x toxt—x

Ex. If f(x) = x,then f'(x) = 1.

f'(x) = %imxf—(t):f(x) = lim== = 1.

t—x toxt—x

By the previous theorem, polynomials are differentiable everywhere and rational

X
functions (i.e. functions of the form % where f, g are polynomials) are

differentiable everywhere that the denominator is not 0.

Theorem (Chain Rule) Suppose f is continuous on [a, b], and f'(x) exists at some
point xe[a, b]. Suppose g is defined on an interval which contains the range of f,
and g is differentiable at the point f(x). If h(t) = g(f(t)) a <t < b then

h is differentiable att = xand h'(x) = g'(f(x)) - f'(x).

Ex. h(t) = (t3+2t)°, = gt)=1t°, f(t)=¢t3+2t
h'(x) =g'(f(x)) - f(x);

g ®)=9t% so g'(f(x)) =9(x3+2x)%  f'(x) =3x>+2

h'(x) = 9(x3 + 2x)8(3x2% + 2).



Proof: h'(x) =lim h®O-h(x) _ lim < J®)=9( )
t-ox t—x t-x t—x

h®)—hX), f®)— f(x)
= lGe o) e

Note: This last step is fine as long as f (t) # f(x).

Since f is continuous, ast = x, f(t) = f(x), so we have:

R (x)=g'(f(x)-f'(x).

Ex. Let f(x) = xsin(i) x#+0

=0 x =0.

As we saw earlier, f(x) is continuous everywhere (including x = 0). Where is f (x)
differentiable?

If x # 0 then we can use the product rule and the chain rule, and we have:
@ = x(eos(3) () s
fl(x) =x (cos (x =)t sm(x)

(s (3) +sin (),

At x = 0 we have to apply the definition of f'(0).

tsm(l)

£(0) = hmf(t) f(0) — lim

llm sm( ) which does not exist.
—0 t—>O -0

So f(x) is continuous everywhere and differentiable everywhere except x = O.



Ex. Let f(x) = xzsin(i) x#0
=0 x = 0.

Where is f (x) continuous? Where is f (x) differentiable (i.e. f'(x) exists)?
Where is f'(x) continuous?

We can show that f(x) is continuous everywhere by showing the f'(x) exists for
all x € R, which is done below.

Where is f(x) differentiable?

If x # 0 then we can use the product rule and the chain rule, and we have:
@ x s () (-5 + e
fl(x) =x (cos (x =)+ 2x51n(x)
1 .1
= — COS (—) + 2xsin(=) .
X X

Notice that lirrcl) f'(x) does not exist. Thus, at the very least, f'(x) is not
X—

continuous at x = 0.

Does f'(0) exist?
At x = 0 we have to apply the definition of f'(0).

0y = Tir FOFQ) _ e sin@) L A
f (0)—%1_{% 0 —ltl_r>r(} - —lltrilgtSln(t))—O.



. .1
We need to justify the last step, limtsin-= 0.
t—0 t

Since |sinx| < 1 for any real number x, we have:
/1
0 < |tsin (;) | < [¢].

. . . .1
Sincelim 0 = lim|t| = 0, by the squeeze theorem lim| tsin—=| = 0.
t—0 t—0 t—0 t

Now since }:1m|f(t)| = O ifand only if %im f(t) = 0, we conclude that
->a -a

. .1
limtsin-=0.
t—-0 t

So f'(0) = 0, and f(x) is differentiable everywhere.

We saw that f'(x) is not continuous at x = 0. Butis f~ (x) continuous for x # 0?

Notice that for x # O:
M) = — L (1) : (1)_2 1
f"(x) = —=sin(-) + 2sin(~) — ~cos(>)

which is finite for any x # 0, thus f'(x) is continuous for x # 0.

1
Ex. Let f(x) = e G2 if x>0
=0 if x<0.

Determine where f'(x) exists and where f'(x) is continuous.



When x # 0 we can apply our differentiation rules:

') = (e_(x_z))(xz—g) if x>0

=0 if x<O0.

At x = 0 we have to apply the definition of f'(0).

f'(0) = llrréf(ti ];( ) ; if it exists.

For this limit to exist we need:

3 OO _ o FO-FO)

t—>0+ t—0 t—>0— t—0

i FOF© _ o 0-0

t—)O_ t—0 t—-0— t—0 = 0.
1
—(—2) 1
£)—f£(0 t2’ — . =
lim fO=/O) _ = lim &—— = lim tl .
t-ot t—0 t-o+t t—0 t—o0t <_>
e'\t?

1
Nowletu=;; thenast &> 0 u — 00 and we have:

t->0t t—=0  usoo (et?)

m LOZFO _ —

t—>0+ t=0 u—>00(2u)(e”2)

Now apply L'Hopital’s rule (more on that shortly)
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Sowe have: f'(0) = 0 and when x # O:

f'ix) = (e_(xiz)) (é) if x>0

=0 if x<O0.

So f'(x) exist for all x € R, but where is f'(x) continuous?

To show that f'(x) is continuous for x # 0 we just need to show that f"'(x)
exists for x # 0. So let’s just find "' (x) for x # 0.

1 1 1
f'"(x) = %(%6_(96_2)) — x—ie_(x_z) = (% — x—i)e_(x_z) when x > 0
=0 whenx < 0

which is finite for any x # 0. Thus f”(x) is continuous for x # 0.

To see if f'(x) is continuous at x = 0 we have to check to see if:

lim f'(x) = f7(0) = 0.

For lim f'(x) to exist, we need lim f'(x) = lim f'(x) (We need to check
x—0 x—0% x—0~

that the limit from the right equals the limit from the left because the function is
defined differently for x > 0 and x < 0).



o . —()y 2
lim f*(x) = lim (e <*')(3)

x—-07t

1
Make the substitution u = 75 asX o 0tf, u—> oo

Ny . —(3)s 2 . _ 3
i, /() = Jim (7)) = Jim (e 2u)

x—0*t x—0t

3
- 2uz2
= lim —; now apply L'Hopital’s rule twice
u—oo el
1 =1
lim 32 _ i 242
= llim —w = 11
u—oo u UuU—00 et
= lim ——=20
UuU— 0o =
2ulet

lim f'(x) = lim 0 = 0.
x—0" x—0~

So lim, f(x) = lim f"(x) = 0 = £(0)

and f'(x) is continuous at x = 0 and hence continuous everywhere.

1
In fact, fx)=e G2) if x>0
=0 if x<0
has infinitely many derivatives at x = 0 (and for x # 0) and f™(0) = 0.

We will see this function again when we talk about Taylor series.
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